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Wklv zrun frqfhuqv vrph jhqhulf surshuwlhv ri wkh lqwhuqdwlrqdo glxvlrq ri
whfkqrorjlhv dqg surgxfwv lq pdunhwv zklfk duh lqwhughshqghqw exw glvsod|/
wr ydu|lqj ghjuhhv/ orfdwlrq vshflf irupv ri g|qdplf lqfuhdvlqj uhwxuqv dqg
h{whuqdolwlhv1
￿Wkh ylhzv h{suhvvhg khuh gr qrw uh hfw wkrvh ri wkh RHFG Vhfuhwduldw ru lwv Phpehu
Frxqwulhv1 Zh duh lqghewhg wr \xul Ndqlryvnl iru yhu| khosixo vxjjhvwlrqv1 Zh wkdqn dovr
Euldq Duwkxu/ Urelq Frzdq/ Nodxv Ghvphw/ Mxglwk Jhedxhu/ Plfkdho Kruydwk/ Dqguhd
Sudw/ Dogr Uxvwlfklql/ Ydowhu Vrudqd/ dqg sduwlflsdqwv wr wkh 6ug Zrunvkrs rq Hfrqrplfv
zlwk Khwhurjhqhrxv Lqwhudfwlqj Djhqwv/ Dqfrqd/ Lwdo|/ Pd| 4<<;/ dqg wr wkh Frqihuhqfh
rq Hfrqrplf Prghov ri Hyroxwlrqdu| G|qdplfv dqg Lqwhudfwlqj Djhqwv/ Wulhvwh/ Lwdo|/
Vhswhpehu 4<<;/ iru wkhlu frpphqwv1 Ilqdqfldo vxssruw iurp Lqwhuqdwlrqdo Lqvwlwxwh iru
Dssolhg V|vwhpv Dqdo|vlv +LLDVD,/ Edqfd Qd}lrqdoh gho Odyrur +EQO,/ Lwdoldq Uhvhdufk
Frxqflo +FQU,/ dqg Lwdoldq Plqlvwu| ri Xqlyhuvlw| dqg Vflhqwl￿f Uhvhdufk +PXUVW, lv
judwhixoo| dfnqrzohgjhg1 Doo huuruv duh rxuv1
|RHFG/ Sdulv/ Iudqfh1 H0pdlo= dqguhd1edvvdqlqlCrhfg1ruj1
}Vdqw*Dqqd Vfkrro iru Dgydqfhg Vwxglhv/ Slvd/ Lwdo|1 H0pdlo= j1grvlCvvvxs1lw1Khwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 5
Exloglqj rq d uhodwhg sdshu ^Edvvdqlql dqg Grvl +4<<;,`/ lq wkh iroorzlqj
zh vwxg| wkh zd|v wkh vsdwldo glphqvlrq ri srvlwlyh ihhgedfn lq dgrswlrq
dhfwv wkh orqj0uxq surshuwlhv ri wkh glxvlrq surfhvvhv/ hvshfldoo| zlwk uh0
jdugv wr wkh srvvleoh hphujhqfh ri hlwkhu uhjlrq0vshflf ru joredo prqrsrolhv
+grplqdqw ghvljqv, ri sduwlfxodu whfkqrorjlhv41 Wzr vw|ol}hg idfwv duh dw wkh
ruljlq ri wklv zrun5=
d, D vwdeoh sdwwhuq ri pdunhw vkdulqj ehwzhhq frpshwlqj whfkqrorjlhv
zlwk qr ryhuzkhoplqj grplqdqw srvlwlrq kdv ehhq uduho| revhuyhg lq pdunhwv
zlwk lqfuhdvlqj uhwxuqv +ru srvlwlyh ihhgedfnv, ri vrph nlqg ^vhh Wxvkpdq
dqg Pxupdqq +4<<;,`1 Iru h{dpsoh/ hyhq lq wkh fdvh ri rshudwlqj v|vwhpv/
zklfk lv riwhq txrwhg dv d fdvh ri pdunhw vkdulqj/ Dssoh PdfLqwrvk kdv
qhyhu khog d pdunhw vkduh odujhu wkdq 53( +d sduwldo h{fhswlrq ehlqj wkh
vxepdunhw ri shuvrqdo frpsxwhu iru hgxfdwlrqdo lqvwlwxwlrqv,1 Wklv idfw kdv
dovr wuljjhuhg vxvslflrq ri pdunhw lqh!flhqflhv= Vlqjoh grplqdqw ghvljqv ru
whfkqrorjlfdo sdudgljpv pd| suhydlo hyhq zkhq wkh vxuylydo ri pruh wkdq rqh
whfkqrorj| pd| eh vrfldoo| rswlpdo ^Grvl +4<;5,/ Ndw} dqg Vkdslur +4<;9,/
Gdylg +4<<5,`1 Wklqn iru h{dpsoh wr wkh frpshwlwlrq ehwzhhq Mdyd0edvhg
dufklwhfwxuhv dqg Dfwlyh[ dufklwhfwxuhv iru zhe0edvhg dssohwv= Jlyhq wkdw
zlwk dq| ri wkh wzr sdudgljpv wkh vwdqgdug wdvnv wkdw fdq eh shuiruphg duh
glhuhqw/ wkh jhqhudo lpsuhvvlrq ri h{shuwv lv wkdw vrflhw| zrxog ehqhw iurp
w k hv x u y l y d or ie r w k 1
e, Lqwhuqdwlrqdo glxvlrq pd| vrphwlphv ohdg wr glhuhqw vwdqgdugv lq
glhuhqw frxqwulhv ru frqyhuvho| wr wkh glxvlrq ri wkh vdph vwdqgdug lq hyhu|
frxqwu|1 Iru h{dpsoh/ zkloh lq doo wkh Hqjolvk0vshdnlqj zruog wkh TZHUW\
nh|erdug uhsuhvhqwv wkh vwdqgdug/ lq wkh Iuhqfk0vshdnlqj zruog d voljkwo|
glhuhqw yhuvlrq +wkh D]HUW\ nh|erdug, lv e| idu wkh pruh dgrswhg rqh1
Rq wkh frqwudu| lq wkh YFU pdunhw YKV lv wkh zruogzlgh whfkqrorjlfdo
ohdghu zkloh wkh ruljlqdo frpshwlwru/ Ehwd/ kdv glvdsshduhg1
Wr h{sodlq wkhvh wzr vw|ol}hg idfwv zh dqdo|}h surshuwlhv ri d idluo| jhq0
hudo dqg qrzdgd|v udwkhu vwdqgdug fodvv ri prghov ri frpshwlqj whfkqrorjlhv/
ruljlqdoo| vxjjhvwhg e| Duwkxu +4<;6, dqg Duwkxu hw do1 +4<;6, dqg vxevh0
txhqwo| pdgh srsxodu e| Duwkxu +4<;<, ^dqg ixuwkhu h{soruhg e| Frzdq
4Khuh wkh whupv prqrsrolhv dqg pdunhw vkdulqj duh uhihuuhg wr frpshwlqj whfkqrorjlhv
zlwkrxw dq| uhihuhqfh wr zkr lv surgxflqj zkdw1 Iru lqvwdqfh/ d whfkqrorjlfdo prqrsro|
rffxuv zkhq doo xvhuv dgrsw wkh vdph whfkqrorj|/ hyhq zkhq lw lv surgxfhg e| pdq|
gl￿huhqw vxssolhuv1
5Iru pruh wkrurxjk glvfxvvlrqv ri wkh hylghqfh rq sdwwhuqv ri lqqrydwlrq dqg gl￿xvlrq/
vhh/ dprqj rwkhuv/ Grvl +4<;;/ 4<<5, dqg Iuhhpdq +4<<5/ 4<<7,1Khwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 6
+4<<4,/ Grvl hw do1 +4<<7,/ Grvl dqg Ndqlryvnl +4<<7, dqg Ndqlryvnl dqg
\rxqj +4<<8, dprqj rwkhuv`1 Wklv fodvv ri prghov zloo eh suhvhqwhg lq gh0
wdlov lq vhfwlrq 51
Ghvslwh pl{hg uhvxowv ri vrph slrqhhulqj zrun rq wkh g|qdplfv ri pdunhwv
zlwk qhwzrun hhfwv ^h1j1 Ndw} dqg Vkdslur +4<;9,`/ xqerxqghg lqfuhdvlqj
uhwxuqv duh frpprqo| fdoohg iru dv dq h{sodqdwlrq ri wkh hphujhqfh ri whfk0
qrorjlfdo prqrsrolhv1 Lq d uhodwhg sdshu ^Edvvdqlql dqg Grvl +4<<;,` zh vkrz
wkdw wkh hphujhqfh ri whfkqrorjlfdo prqrsrolhv ghshqgv rq wkh qdwxuh ri lq0
fuhdvlqj uhwxuqv zlwk uhvshfw wr wkh ghjuhh ri khwhurjhqhlw| ri wkh srsxodwlrq=
Jlyhq d vx!flhqwo| kljk khwhurjhqhlw| dprqjvw hfrqrplf djhqwv/ olplw pdu0
nhw vkdulqj pd| rffxu hyhq lq wkh suhvhqfh ri xqerxqghg lqfuhdvlqj uhwxuqv1
Ixuwkhupruh zh vxjjhvw wkdw wkh revhuydwlrq ri wkh zlghvsuhdg hphujhqfh ri
prqrsrolhv lv lqwlpdwho| uhodwhg wr surshuwlhv ri glhuhqw udwhv ri frqyhujhqfh
+wr prqrsro| dqg wr pdunhw vkdulqj uhvshfwlyho|, pruh wkdq wr surshuwlhv ri
olplw vwdwhv dv vxfk1 Lw lv vkrzq wkdw d pdunhw fdq dssurdfk d prqrsro| zlwk
d kljkhu vshhg wkdq lw dssurdfkhv dq| ihdvleoh olplw pdunhw vkduhv zkhuh erwk
whfkqrorjlhv frh{lvw1 Zkhq frqyhujhqfh lv wrr vorz wkh h{whuqdo hqylurqphqw
lv olnho| wr fkdqjh ehiruh dq| vx!flhqwo| vpdoo qhljkerukrrg ri wkh olplw fdq
eh dwwdlqhg1 Wkh hpslulfdo lpsolfdwlrq lv wkdw dprqj pdunhwv zlwk kljk
wxuqryhu ri edvlf whfkqrorjlhv dqg lqfuhdvlqj uhwxuqv wr dgrswlrq/ d suhyd0
ohqfh ri vwdeoh prqrsrolhv ryhu vwdeoh pdunhw0vkdulqj vkrxog eh revhuyhg1
Fohduo| wklv uhvxow dovr fkdoohqjhv wkh lghdv wkdw lqwhuqdwlrqdoo| xqerxqghg
lqfuhdvlqj uhwxuqv duh qhfhvvdu| dqg vx!flhqw wr |lhog joredo grplqdqfh ri
sduwlfxodu whfkqrorjlhv/ dqg e| wkh vdph wrnhq/ wkh hphujhqfh ri ryhuzkhop0
lqjo| grplqdqw orfdwlrqdo foxvwhuv lq surgxfwlrq1
Lq rughu wr dqdo|}h wkh lqwhuqdwlrqdo glxvlrq g|qdplfv dqg dffrxqw iru
wkh iruhjrlqj vw|ol}hg idfwv lw lv xvhixo wr vwduw zlwk glvwlqjxlvklqj wkuhh
lqwhuuhodwhg surfhvvhv1
Dw d uvw ohyho/ glxvlrq lv gulyhq e| plfurghflvlrqv frqfhuqlqj wkh dgrs0
wlrq ru qrw ri d qhz whfkqrorj|1 Wklv lv zkdw Ndw} dqg Vkdslur +4<<7, lq
wkhlu uhylhz ri wkh olwhudwxuh rq v|vwhpv frpshwlwlrq dqg g|qdplfv ri dgrs0
wlrq xqghu lqfuhdvlqj uhwxuqv fdoo whfkqrorj| dgrswlrq ghflvlrq1 Lw edvlfdoo|
wr wkh ghflvlrq ri d srwhqwldo xvhu wr sodfh d ghpdqg lq d sduwlfxodu pdunhw
+ru/ uhodwhgo|/ ri d surgxfhu wr vwduw lqyhvwlqj lq d qhz whfkqrorj|,1 Lqghhg d
jrrg ghdo ri olwhudwxuh rq ghwhuplqdqwv ri glxvlrq sdwwhuqv/ dqg/ uhodwhgo|/
wkh revhuyhg uhwdugdwlrq idfwruv/ shuwdlq wr wklv grpdlq ri dqdo|vlv ^vhh
Grvl +4<<5,`1 Pruhryhu/ uhohydqw txhvwlrqv lq wklv fdvh duh wkh frqglwlrqv iru
dq dfwxdo pdunhw ri srvlwlyh vl}h dqg wkh frqglwlrqv doorzlqj shqhwudwlrq riKhwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 7
d qhz +pruh dgydqfhg, whfkqrorj| lqwr wkh pdunhw ri dq douhdg| hvwdeolvkhg
rqh ^Urkoiv +4<:7,/ Ruhq dqg Vplwk +4<;4,/ Iduuhoo dqg Vdorqhu +4<;8/4<;9,/
Vloyhuehuj hw do1 +4<;;,/ Ndw} dqg Vkdslur +4<<5,`1 Iru h{dpsoh sxufkdvlqj
ru qrw d id{ ru vxevwlwxwlqj d frpsdfw glvf sod|hu iru dq dqdorjlfdo uhfrug
sod|hu duh whfkqrorj| dgrswlrq ghflvlrqv1
Vhfrqg/ iroorzlqj djdlq wkh whuplqrorj| ri Ndw} dqg Vkdslur +4<<7,/ fdoo
surgxfw vhohfwlrq wkh fkrlfh ehwzhhq glhuhqw whfkqrorjlfdo vroxwlrqv zklfk
shuirup +dssur{lpdwho|, wkh vdph ixqfwlrq dqg duh wkhuhiruh forvh vxevwl0
wxwhv1 Uhohydqw txhvwlrqv khuh duh zkhwkhu wkh pdunhw hqkdqfhv ydulhw| ru
vwdqgdugl}dwlrq/ zkhwkhu wkh hphujlqj pdunhw vwuxfwxuh lv qrupdwlyho| gh0
vludeoh dqg zkdw lv wkh uroh ri klvwru| lq wkh vhohfwlrq ri pdunhw vwuxfwxuh
^Duwkxu +4<;6/4<;<,/ Ndw} dqg Vkdslur +4<;8/4<;9,/ Gdylg +4<;8,/ Fkxufk
dqg Jdqgdo +4<<6,/ Grvl hw do1 +4<<7,/ Eurfn dqg Gxuodxi +4<<8/4<<;,/ Dq
dqg Nlhihu +4<<8,/ Eu|qlroivvrq dqg Nhphuhu +4<<9,/ Gxuodxi +4<<:,`1 Fkrrv0
lqj ehwzhhq YKV ru Ehwd lq wkh YFU pdunhw ru ehwzhhq Zrug ru Zrugshu0
ihfw lq wkh zrugsurfhvvruv pdunhw duh w|slfdo h{dpsohv ri surgxfw vhohfwlrq
ghflvlrqv1 Krzhyhu lw lv hdv| wr h{whqg wklv grpdlq wr lqfoxgh wkh fkrlfh eh0
wzhhq dowhuqdwlyh whfkqrorjlfdo v|vwhpv +h1j1 lq hqhuj| jhqhudwlrq/ vrodu yv1
qxfohdu hqhuj| dqg zlwklq wkh odwwhu/ SZU yv1 jdv0frrohg uhdfwruv/ hwf111,1
D wklug ohyho frqfhuqv wkh vsdwldo glphqvlrqv +hlwkhu olwhudoo| jhrjudsk0
lfdo ru lqvwlwxwlrq0uhodwhg, zklfk lq xhqfh wkh deryh ghflvlrq surfhvvhv/ ru/
pruh wkdq wkdw/ vwudljkwiruzdugo| uhsuhvhqw d glvwlqfw grpdlq ri ghflvlrq iru
plfur djhqwv1 Vr/ iru h{dpsoh/ dq h{sdqglqj olwhudwxuh rq qdwlrqdo v|v0
whpv ri lqqrydwlrq ^Oxqgydoo +4<<5,/ Qhovrq +4<<6, dqg Iuhhpdq +4<<8,/
dprqj rwkhuv` hpskdvl}hv wkh orqj0whup lpsdfw ri wkh glyhuvh dufklwhfwxuhv
ri qdwlrqdo lqvwlwxwlrqdo v|vwhpv dv gulyhuv ri whfkqrorjlfdo ohduqlqj1 Sduwo|
ryhuodsslqj dqdo|vhv ri lqfhqwlyhv dqg frqvwudlqwv wr wkh orfdwlrq ri lqyhvw0
phqwv e| fdslwdo0preloh up dfurvv khwhurjhqhrxv hqylurqphqwv irfxv xsrq
wkh lqwhudfwlrq ehwzhhq up0vshflf fdsdelolwlhv dqg orfdwlrq0vshflf dgydq0
wdjhv lq PQFv lqyhvwphqwv ^Fdqwzhoo +4<;<,`1 Fdoo wkh odwwhu orfdwlrq vhohf0
wlrq ghflvlrqv/ zklfk lq wkh prgho suhvhqwhg ehorz zloo uhihu wr wkh fkrlfh
ehwzhhq glhuhqw orfdwlrqv zkhuh wr pdnh dq lqyhvwphqw lq d vshflf whfk0
qrorj|/ ru/ pruh phwdskrulfdoo|/ wkh fkrlfh ri vsdwldoo|0erxqg djhqwv dfurvv
glhuhqw whfkqrorjlhv/ surgxfwlrq surfhvvhv dqg rxwsxwv1 Wklv kdv ehhq iru d
orqj wlph d hog ulfk ri txdolwdwlyh lqyhvwljdwlrq e| hfrqrplf jhrjudsk| dqg
uhjlrqdo hfrqrplfv/ uhfhqwo| glvfryhuhg/ dw wkh frvw ri d orw ri lqvwlwxwlrqdo
vlpsolfdwlrq e| hfrqrplf wkhru| ^h1j1 Duwkxu +4<<3,/ Nuxjpdq +4<<4d/
4<<4e,/ Udxfk +4<<6,/ Nuxjpdq dqg Yhqdeohv +4<<9,/ Yhqdeohv +4<<9,`1Khwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 8
Lq wkh iroorzlqj zh eulqj wrjhwkhu wkh wkuhh grpdlqv ri dqdo|vlv dqg
h{soruh vrph irupdo surshuwlhv ri wkh g|qdplfv ri frpshwlwlrq dprqj do0
whuqdwlyh surgxfwv dqg whfkqrorjlhv glxvlqj dfurvv khwhurjhqhrxv hqylurq0
phqwv1 Zh frqvlghu frqglwlrqv ri frqyhujhqfh wr glhuhqw pdunhw vwuxfwxuhv
lq d zruog zkhuh wkhuh duh pdq| uhjlrqdo pdunhwv dqg pdq| glhuhqw whfk0
qrorjlhv1 Djhqwv fkrrvh erwk whfkqrorj| dqg orfdwlrq1 Uhjlrqdo pdunhwv duh
lqvwlwxwlrqdo hqwlwlhv zklfk fdqqrw glvdsshdu +dowkrxjk wkhlu uhodwlyh vl}h fdq
jurz ru vkulqn,1 Udwkhu d glxvlrq sdwwhuq lv uhdol}hg iru hyhu| uhjlrq1 Wklv
ohdgv wr d qdwxudo txhvwlrq zklfk xqghuolhv wkh vhfrqg vw|ol}hg idfw uhfdoohg
deryh= Zkdw gulyhv frqyhujhqfh wr wkh vdph ru glhuhqw pdunhw vwuxfwxuhv
lq glhuhqw lqwhuuhodwhg uhjlrqdo pdunhwvB
Lqwxlwlyho| frqyhujhqfh wr wkh vdph vwdqgdug lv dq rxwfrph ri wkh uhod0
wlyh zhljkw dqg vwuhqjwk ri lqwhuqdwlrqdo vslooryhuv dv frpsduhg wr qdwlrq0
zlgh +ru uhjlrqdo, lqfuhdvlqj uhwxuqv1 Iru h{dpsoh/ lq wkh fdvh ri w|shzulwhu
nh|erdugv/ jhrjudsklfdo duhdv zlwk wkh vdph odqjxdjh whqg wr eh uh hfwhg
lq vslooryhu foxvwhuv gxh wr iuhh pljudwlrq ri w|slvwv/ vlplodu wudlqlqj lq0
vwlwxwlrqv/ hwf1111 Rq wkh rwkhu kdqg/ klvwrulfdoo|/ jdlqlqj ohdghuvkls lq wkh
Hxurshdq pdunhw/ zlwk wkh frqvhtxhqw eldv lq wkh uhodwhg krph ylghr pdu0
nhw/ zdv fuxfldo wr YKV wr uhvroyh lq lwv idyru wkh edwwoh iru ohdghuvkls lq
wkh Mdsdqhvh pdunhw dv zhoo ^Fxvxpdqr hw do1 +4<<5,`1 Krzhyhu yhu| olwwoh
prgholqj hruw kdv ehhq pdgh vr idu wr irupdoo| h{soruh wklv lqwxlwlyh h{sod0
qdwlrq1 Ehorz zh zloo lqghhg frqvlghu d jhqhudol}dwlrq ri rqh0pdunhw prghov
ri frpshwlqj whfkqrorjlhv lq rughu wr hvwdeolvk frqglwlrqv ri frqyhujhqfh wr
wkh vdph ru glhuhqw whfkqrorjlfdo prqrsrolhv lq glhuhqw exw lqwhuuhodwhg
pdunhwv1
Li rqh grhv qrw glvdjjuhjdwh d v|vwhp pdgh ri pdq| uhjlrqdo pdunhwv/ wkh
hphujhqfh ri vwdeoh exw glhuhqw grplqdqw ghvljqv zrxog orrn olnh whfkqrorj0
lfdo pdunhw vkdulqj1 Krz grhv rqh uhfrqfloh vw|ol}hg idfwv dqg wkhruhwlfdo
vwdwhphqwv rq wkh hphujhqfh ri glhuhqw whfkqrorjlfdo prqrsrolhv lq gli0
ihuhqw lqwhughshqghqw uhjlrqdo pdunhwv zlwk vw|ol}hg idfwv dqg wkhruhwlfdo
vwdwhphqwv rq ryhuzkhoplqj hphujhqfh ri grplqdqw ghvljqvB
Ri frxuvh lw lv wulyldoo| wuxh wkdw/ zlwk pxwxdoo| lqghshqghqw pdunhwv/
glhuhqw wudmhfwrulhv frxog hphujh lq glhuhqw pdunhwv dv li wkh| zhuh glhu0
hqw uhdol}dwlrqv ri wkh vdph h{shulphqw1 Lq wklv sdshu zh vkrz wkdw uhvxowv
rq vshhg ri frqyhujhqfh vwdwhg lq Edvvdqlql dqg Grvl +4<<;, fdq eh h{whqghg
d o v rw rw k hf d v hz k h qp d u n h w vd u hl q w h u g h s h q g h q w =H y h qw k r x j kd wk l j ko h y h o
ri djjuhjdwlrq d v|vwhp ri glhuhqw orfdo prqrsrolhv orrnv olnh d vwdeoh pdu0
nhw vkdulqj/ zh vkrz wkdw lw kdv wkh vdph udwh0ri0frqyhujhqfh surshuwlhv riKhwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 9
d xqlyduldwh v|vwhp frqyhujlqj wr d prqrsro|1
Wkh uhpdlqghu ri wkh sdshu lv glylghg dv iroorzv1 Vhfwlrq 5 surylghv rqh
prwlydwlqj h{dpsoh/ irupdoo| ghqhv wkh vwdqgdug fodvv ri prghov ri frpshw0
lqj whfkqrorjlhv zh uhihu wr dqg vxppdul}hv uhvxowv rq udwh ri frqyhujhqfh
wr d vwdeoh pdunhw vwuxfwxuh lq xqlyduldwh prghov1 Vhfwlrq 6 hvwdeolvkhv rxu
pdlq uhvxowv rq frqyhujhqfh wr d vwdeoh pdunhw vwuxfwxuh lq pxowl0pdunhwv
prghov1 Vhfwlrq 7 eulh | vxppdul}hv wkh uhvxowv1
5 Xqerxqghg Uhwxuqv dqg Grplqdqw Ghvljqv= D Vdp0
soh Vhohfwlrq Eldv
Wkh fodvv ri frpshwlqj whfkqrorj| g|qdplfv prghov wkdw zh frqvlghu wdnhv
dv wkh rqo| edvlf dvvxpswlrq wkh idfw wkdw dgrswhuv hqwhu wkh pdunhw lq d
vhtxhqfh zklfk lv dvvxphg wr eh h{rjhqrxv1 Pruh wkdq rqh djhqw fdq hqwhu
wkh pdunhw lq hdfk shulrg ^vhh h1j1 Ndw} dqg Vkdslur +4<;9, dqg Grvl dqg
Ndqlryvnl +4<<7,`/ exw lq rughu wr vlpsoli| wkh wuhdwphqw zh devwudfw iurp
wklv frpsolfdwlrq1 Wkh vlpsoh wkhruhwlfdo wdoh wkdw xqghuolhv wkhvh prghov
fdq eh vxppdul}hg dv iroorzv=
Hyhu| shulrg d qhz djhqw hqwhuv wkh pdunhw dqg fkrrvhv wkh whfkqrorj|
zklfk lv ehvw vxlwhg wr lwv uhtxluhphqwv/ jlyhq lwv suhihuhqfhv/ lqirupdwlrq
vwuxfwxuh dqg wkh dydlodeoh whfkqrorjlhv1 Suhihuhqfhv fdq eh khwhurjhqhrxv
dqg d glvwulexwlrq ri suhihuhqfhv lq wkh srsxodwlrq lv jlyhq1 Lqirupdwlrq dqg
suhihuhqfhv ghwhuplqh d yhfwru ri sd|r ixqfwlrqv +zkrvh glphqvlrq lv htxdo
wr wkh qxpehu ri dydlodeoh whfkqrorjlhv, iru hyhu| w|sh ri djhqw1 Ehfdxvh
ri srvlwlyh +qhjdwlyh, ihhgedfnv/ wkhvh ixqfwlrqv ghshqg rq wkh qxpehu ri
suhylrxv dgrswlrqv1 Zkhq dq djhqw hqwhuv wkh pdunhw lw frpsduhv wkh ydo0
xhv ri wkhvh ixqfwlrqv +jlyhq lwv suhihuhqfhv/ wkh dydlodeoh lqirupdwlrq/ dqg
suhylrxv dgrswlrqv, dqg fkrrvhv wkh whfkqrorj| zklfk |lhogv wkh pd{lpxp
shufhlyhg sd|r1 Zklfk w|sh ri djhqw hqwhuv wkh pdunhw dw dq| jlyhq wlph
lv d vwrfkdvwlf hyhqw zkrvh suredelolw| ghshqgv rq wkh glvwulexwlrq ri w|shv
+l1h1 ri suhihuhqfhv, lq wkh srsxodwlrq1 Ehfdxvh ri srvlwlyh +qhjdwlyh, ihhg0
edfnv/ wkh suredelolw| ri dgrswlrq ri d sduwlfxodu whfkqrorj| lv dq lqfuhdvlqj
+ghfuhdvlqj, ixqfwlrq ri wkh qxpehu ri suhylrxv dgrswlrqv ri wkdw whfkqrorj|1
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￿cO ?E|cKhwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq :
zkhuh  5 (c ( lv wkh vhw ri srvvleoh whfkqrorjlhv/  5 7/ 7 lv wkh vhw ri
srvvleoh w|shv/ O ?E| lv yhfwru ghqrwlqj qxpehu ri dgrswlrqv iru hdfk whfkqro0
rj| dw wlph | +?￿E| lv wkh qxpehu ri dgrswlrqv ri whfkqrorj|  dw wlph |/ O @￿
uhsuhvhqwv wkh qhwzrun0lqghshqghqw frpsrqhqwv ri djhqw *v suhihuhqfhv +@
￿
￿
lghqwlhv d edvholqh sd|r iru djhqwv ri w|sh  iurp whfkqrorj| ,/ dqg ￿E
lv dq lqfuhdvlqj ixqfwlrq +wkdw fdq glhu dfurvv djhqwv, fdswxulqj lqfuhdvlqj
uhwxuqv wr dgrswlrq1 Li/ dw wlph |/ dq djhqw ri w|sh  frphv wr wkh pdunhw/ lw












Vwudwhjlf ehkdylruv +lqfoxglqj vsrqvrulqj dfwlylwlhv iurp wkh vxssolhuv
ri whfkqrorjlhv, dqg h{shfwdwlrqv fdq eh frqvlghuhg dv douhdg| lpsolflwo|
lqfoxghg lq wkh iruhjrlqj irupdol}dwlrq1
Lq wkh uhpdlqghu ri wklv sdshu zh dvvxph wkdw wkh rughu ri djhqwv hqwhu0
lqj wkh pdunhw lv udqgrp/ khqfh E| fdq eh frqvlghuhg dv dq llg vhtxhqfh
ri udqgrp yduldeohv zkrvh glvwulexwlrq ghshqgv rq wkh glvwulexwlrq ri wkh
srsxodwlrq ri srwhqwldo dgrswhuv1 Zlwk wklv dvvxpswlrq/ wkh g|qdplfv ri wkh
iruhjrlqj prgho fdq eh vhhq lq whupv ri jhqhudol}hg xuq vfkhphv=
Frqvlghu wkh vlpsohvw fdvh zkhuh wzr whfkqrorjlhv/ vd|  dqg /f r p 0
shwh iru d pdunhw1 Ohw xv ghqrwh *v pdunhw vkduh zlwk fE|1J l y h q w k h
uhodwlrqvklsv ehwzhhq +d, wrwdo qxpehu ri dgrswlrqv ri erwk whfkqrorjlhv
?E|'|  n?￿Ef n ?￿Ef/ +e, wkh fxuuhqw pdunhw vkduh fE| ri c dqg
+f, qxpehu ri dgrswlrqv ri rqh vshflf whfkqrorj|/ ?￿E|/  ' c/w k d wl v /
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Khuh 1




 zlwk suredelolw| sE|c%
f zlwk suredelolw|   sE|c% c
dqg 1
|E lv d ixqfwlrq ri pdunhw vkduhv ghshqghqw rq wkh ihhgedfnv lq dgrs0
wlrq1 sE|c% htxdov wkh suredelolw| wkdw +4, lv wuxh zkhq fE|'% dqg lv
6Zh dvvxph wkdw/ li wkhuh lv d wlh/ djhqwv fkrrvh whfkqrorj| D1 Txdolwdwlyho|/ euhdnlqj
wkh wlh lq d gl￿huhqw zd| zrxog qrw pdnh dq| gl￿huhqfh1Khwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq ;
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Surylghg wkdw wkhuh h{lvw d olplw xuq ixqfwlrq sE +ghqhg dv wkdw ixqf0
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Sduwlfxoduo|/ wuhdwlqj }E% lq wkh vdph zd| ri wkh uljkw kdqg vlgh ri dq
ruglqdu| glhuhqwldo htxdwlrq/ lw lv srvvleoh wr vkrz wkdw wkh surfhvv +5, frq0
yhujhv zlwk srvlwlyh suredelolw| wr hyhu| vwdeoh }hur71W k hi r u h j r l q ji r u p d o
uhsuhvhqwdwlrq lv hpsor|hg iru hyhu| uhvxow ri wkh suhvhqw sdshu1
Lq vrph fdvhv/ ht1 +4, fdq eh h{suhvvhg gluhfwo| lq whupv ri vkduhv udwkhu
wkdq wrwdo qxpehuv8>l qw k l vf d v hsEc lv lqghshqghqw ri | dqg +6, lv wulyldoo|
yhulhg1 Lq wklv uhvshfw qrwh wkdw/ iurp dq lqwhusuhwdwlyh srlqw ri ylhz/
wrwdo qxpehuv dqg vkduhv duh olnho| wr fdswxuh txlwh glvwlqfw hfrqrplf dqg
whfkqrorjlfdo skhqrphqd1 Iru h{dpsoh/ qhwzrun h{whuqdolwlhv duh riwhq zhoo0
fdswxuhg e| wkh vkduhv g|qdplfv/ zkloh pruh lglrv|qfudwlf/ fxpxodwlyh dqg
w|sh0vshflf surfhvvhv ri ohduqlqj duh pruh qdwxudoo| uhsuhvhqwhg dv ixqfwlrqv
ri ydu|lqj qxpehuv ri dgrswhuv1
Dv zh qrwlfhg lq wkh lqwurgxfwlrq/ wkhuh vhhpv wr eh d jhqhudo frqvhqvxv
wkdw wkh zlghvsuhdg hphujhqfh ri grplqdqw ghvljqv vkrxog eh h{sodlqhg rq
wkh edvlv ri wkh suhvhqfh ri xqerxqghg lqfuhdvlqj uhwxuqv wr dgrswlrq91X q 0
erxqghg lqfuhdvlqj uhwxuqv wr dgrswlrq duh qhlwkhu qhfhvvdu| qru vx!flhqw
wr ohdg wr wkh hphujhqfh ri whfkqrorjlfdo prqrsrolhv1 Ohw xv vwduw zlwk dq
h{dpsoh gudzq iurp Edvvdqlql dqg Grvl +4<<;,1
7D frqyhqlhqw uhylhz ri dqdo|wlfdo uhvxowv rq jhqhudol}hg xuq vfkhphv fdq eh irxqg lq
Grvl hw do1 +4<<7,1 Wkh uhdghu lv uhihuuhg wr wkdw iru wkh uhvxowv wkdw duh qrw suryhg lq
wklv sdshu1
8Wklv lv sduwlfxoduo| uhohydqw lq wkh iuhtxhqw fdvh zkhq surgxfw vhohfwlrq vhtxhqwldoo|
iroorzv whfkqrorj| dgrswlrq ^vhh Edvvdqlql dqg Grvl +4<<;,‘1
9Vhh Edvvdqlql dqg Grvl +4<<;, iru uhihuhqfhv rq wklv ghedwh1Khwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq <




zkhuh o￿c@ ￿/  ' cc duh erxqghg udqgrp yduldeohv zklfk dgplw ghqvlw|1
Vxfk d ixqfwlrq doorzv djhqwv wr eh khwhurjhqhrxv dovr lq whupv ri wkh ghjuhh
ri lqfuhdvlqj uhwxuqv zklfk wkh| h{shulhqfh1 E| dsso|lqj +4,/ glylglqj sd|r
ixqfwlrqv e| wrwdo qxpehu ri dgrswlrqv/ dqg uhduudqjlqj zh kdyh wkdw  lv
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Ghqrwlqj wkh udqgrp yduldeohv rq wkh uljkw kdqg vlgh zlwk E|/i u r p+ 7 ,
zh kdyh wkdw wkh dgrswlrq surfhvv fdq eh vhhq dv d jhqhudol}hg xuq vfkhph zlwk
xuq ixqfwlrq sE|c%'8￿E|￿E%c zkhuh 8￿E|￿E lv wkh glvwulexwlrq ixqfwlrq ri
E|1 Qrz vxssrvh wkdw o￿ dqg o￿ duh kljko| fruuhodwhg dqg erwk kdyh elprgdo
glvwulexwlrqv yhu| frqfhqwudwhg durxqg wkh wzr prghv/ lq vxfk d zd| wkdw wkh
glvwulexwlrq ri o￿*o￿ lv dovr elprgdo dqg yhu| frqfhqwudwhg durxqg wkh wzr
prghv wrr1 Ixuwkhupruh vxssrvh wkdw wkh wzr prghv duh idu dzd| iurp hdfk
rwkhu1 Wr { wkh lghdv vd| wkdw iru d shufhqwdjh k ri wkh srsxodwlrq o￿*o￿ lv
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Li K	k	S c w k h qw k h u hd u hw k u h hv w d e o h { h gs r l q wr isE% dqg/ dv vdlg deryh/
lw fdq eh vkrzq wkdw wkhuh lv d vhw ri lqlwldo frqglwlrqv +wkdw lpso| jlylqj
erwk whfkqrorjlhv d fkdqfh wr eh fkrvhq dw wkh ehjlqqlqj ri klvwru|, iru
zklfk pdunhw vkdulqj lv dv|pswrwlfdoo| dwwdlqdeoh zlwk srvlwlyh suredelolw|1
Li @￿ 9'fexw kdyh erxqghg vxssruw dqg dgplw ghqvlw|/ wkhq frqglwlrq +6,
dssolhv dqg wkh vdph dujxphqw krogv= Lq idfw/ uho|lqj rq wkh idfw wkdw o￿c@ ￿
duh erxqghg lw lv hdv| wr vkrz wkdw tT%Mdfc￿oK-Efc￿￿ m sE|c%  sE% m	g * | cKhwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 43
zkhuh g:f lv d frqvwdqw1 Wkh hvvhqwldo lqjuhglhqw ri wklv h{dpsoh lv wkdw
wkh glvwulexwlrq ri o￿*o￿ lv elprgdo dqg yhu| frqfhqwudwhg durxqg wkh wzr
prghv1 Wkh dujxphqw kdv qrwklqj wr gr zlwk wkh sduwlfxodu +dqg h{wuhph,
glvwulexwlrqdo irup dvvxphg khuh= Iroorzlqj wkh vdph frqvwuxfwlyh surfhgxuh
dgrswhg khuh lw lv hdv| wr exlog h{dpsohv zlwk dq| rwkhu glvwulexwlrqdo irup1
Wkh rqo| uhtxluhphqw lv wkdw wkh wzr prghv duh vx!flhqwo| glvwdqw1 Lq rwkhu
zrugv wkh rqo| uhtxluhphqw lv d vx!flhqw ghjuhh ri khwhurjhqhlw| lq wkh srsx0
odwlrq wr frxqwhuedodqfh wkh sur0vwdqgdugl}dwlrq hhfwv ri lqfuhdvlqj uhwxuqv
wr dgrswlrq1
Wkh dujxphqw vr idu vxjjhvwv wkdw/ wkh glvwulexwlrq ri wkh qh fkdudfwhu0
lvwlfv dqg suhihuhqfhv ri wkh srsxodwlrq ri djhqwv pljkw ghwhuplqh wkh yhu|
qdwxuh ri wkh dwwdlqdeoh dv|pswrwlf vwdwhv wkhpvhoyhv1 Vkruw ri hpslulfdoo|
frqylqflqj uhvwulfwlrqv rq wkh glvwulexwlrq ri djhqwv* +xvxdoo| xqrevhuydeoh,
fkdudfwhulvwlfv/ Edvvdqlql dqg Grvl +4<<;, sursrvh lqvwhdg dq lqwhusuhwdwlrq
ri wkh jhqhudo rffxuuhqfh ri whfkqrorjlfdo prqrsrolhv +fxp lqfuhdvlqj uhwxuqv
ri vrph nlqg, jurxqghg rq wkh uhodwlyh vshhg ri frqyhujhqfh wr wkh xqghuo|lqj
+exw xqrevhuydeoh, olplw vwdwhv1 Zkhq frqyhujhqfh lv wrr vorz wkh h{whuqdo
hqylurqphqw lv olnho| wr fkdqjh ehiruh dq| vx!flhqwo| vpdoo qhljkerukrrg
ri wkh olplw fdq eh dwwdlqhg1 Wkhruhpv 4 dqg 5 uhfdoohg ehorz vkrz wkdw
frqyhujhqfh wr whfkqrorjlfdo prqrsrolhv whqgv wr eh +lq suredelolvwlf whupv,
pxfk idvwhu wkdq wr d olplw zkhuh erwk whfkqrorjlhv frh{lvw1 Wkh hpslulfdo
lpsolfdwlrq lv wkdw lq pdunhwv zlwk kljk wxuqryhu ri edvlf whfkqrorjlhv/ zkhq
pdunhw vwuxfwxuh g|qdplfv vkrzv d uhodwlyho| vwdeoh sdwwhuq/ d suhydohqfh ri
whfkqrorjlfdo prqrsrolhv ryhu vwdeoh pdunhw vkdulqj lv olnho| wr eh revhuyhg1
Wkhuhiruh wkh hphujhqfh ri grplqdqw ghvljqv/ dw d fduhixo orrn/ dsshduv wr
frph rxw ri d vdpsoh vhohfwlrq eldv= Lqfoxglqj fdvhv zkhuh pdunhw vkduh
wxuexohqfh qhyhu vhhp wr vhwwoh grzq zrxog surylgh d pruh pl{hg slfwxuh1
Wkhruhp 4 +Edvvdqlql dqg Grvl +4<<;/ wkhruhp 5,, Ohw ":f dqg S	
 eh vxfk wkdw
sE|c%  S% iru % 5 Efc"E sE|c%    SE  % iru % 5 E  "c
Wkhq iru dq| B 5 Efc  S dqg :f
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zkhuh fE vwdqgv iru wkh udqgrp surfhvv jlyhq e| E21Khwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 44
Wkhruhp 5 +Edvvdqlql dqg Grvl +4<<;,/ wkhruhp 8, Ohw w 5 Efc eh
dv w d e o hu r r wd q gsE eh glhuhqwldeoh dw w zlwk _
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Wkhruhpv 4 dqg 5 vkrz wkdw frqyhujhqfh wr f dqg  f d qe hp x f ki d v w h u
+doprvw ri rughu *| dv | $4 , wkdq wr dq lqwhulru olplw +zklfk fdq eh doprvw
ri rughu *
s
| rqo|,:1I x u w k h u p r u h /l iz hx v hu2 frqyhujhqfh/ lqvwhdg ri zhdn
frqyhujhqfh/ zh fdq glvsrvh ri wkh dvvxpswlrq ri glhuhqwldelolw| ri wkh xuq
ixqfwlrq dqg rewdlq vlplodu uhvxowv;1
Ohw xv qrz h{whqg wkh dqdo|vlv wr wkh lqwhuqdwlrqdo duhd zkhuh/ dv phq0
wlrqhg hduolhu/ zh gr revhuyh hphujhqfh ri glhuhqw vwdqgdugv dqg grplqdqw
ghvljqv lq glhuhqw frxqwulhv1 Pruhryhu/ qrwh wkdw dw kljk ohyho ri djjuhjd0
wlrq d v|vwhp ri glhuhqw orfdo prqrsrolhv orrnv olnh d vwdeoh pdunhw vkdulqj1
Krzhyhu lq wkh qh{w vhfwlrq zh vkdoo vkrz wkdw wkh iruhjrlqj uhvxowv fdq
eh h{whqghg dovr wr wkh fdvh ri pdq| lqwhughshqghqw pdunhwv1 Zh suryh
wkdw d v|vwhp ri orfdoo| grplqdqw ghvljqv kdv wkh vdph udwh0ri0frqyhujhqfh
surshuwlhv ri d xqlyduldwh v|vwhp frqyhujlqj wr d vlqjoh grplqdqw ghvljqv1
Ixuwkhupruh zh surylgh d fkdudfwhul}dwlrq ri glhuhqw frqyhujhqfh sdwwhuqv1
Qrw frqwudu| wr wkh lqwxlwlrq/ lw lv wkh edodqfh ehwzhhq orfdo dqg joredo ihhg0
edfnv zklfk ghwhuplqhv zkhwkhu wkh v|vwhp fdq frqyhujh wr wkh vdph ru
glhuhqw prqrsrolhv lq hyhu| pdunhw1
6 Lqwhuqdwlrqdo Glxvlrq dqg wkh Hphujhqfh ri Whfk0
qrorjlfdo Prqrsrolhv
Vxssrvh wkdw wzr whfkqrorjlhv/ vd|  dqg / frpshwh iru d frpsoh{ pdunhw
zklfk frqvlvwv ri 6 lqwhudfwlqj sduwv +zklfk fdq eh wkrxjkw ri dv hfrqrplf
uhjlrqv ru hyhq frxqwulhv, ri lqqlwh fdsdflw|1 Dw dq| wlph | ' c2cdq h z
djhqw hqwhuv rqh ri wkh pdunhwv dqg kdv wr dgrsw rqh xqlw ri rqh whfkqrorj|1
Wkh w|sh ri djhqw dqg wkh uhjlrq duh udqgrpo| ghwhuplqhg rq wkh edvlv ri
wkh glvwulexwlrq ri djhqwv lq wkh srsxodwlrq1 Wkhuh fdq eh srvlwlyh +qhjdwlyh,
:Qrwh wkdw/ surylghg wkdw wkh qxpehu ri dv|pswrwlf vwhdg| vwdwhv lv ￿qlwh/ wkhruhp 5
dqg 8 gr qrw surylgh rqo| d vwdwhphqw rq frqglwlrqdo frqyhujhqfh exw dovr rq devroxwh
frqyhujhqfh1
;vhh Edvvdqlql dqg Grvl +4<<;,/ ohppd 41Khwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 45
ihhgedfnv qrw rqo| lqvlgh hyhu| vlqjoh uhjlrq exw dovr dfurvv wkhp1 Wkxv wkh
suredelolw| ri dgrswlrq lv d ixqfwlrq ri wkh yhfwru ri suhylrxv dgrswlrqv lq doo
uhjlrqv1 Iru wkh 0wk uhjlrq zh frqvlghu wkh iroorzlqj lqglfdwruv= %￿E  %￿
 wkh fxuuhqw pdunhw vkduh ri E> ￿  wkh iuhtxhqf| ri dgglwlrqv wr wkh
uhjlrq +l1h1 wklv lv wkh udwlr ri wkh fxuuhqw qxpehu ri xqlwv ri wkh whfkqrorjlhv
lq wkh uhjlrq wr wkh wrwdo fxuuhqw qxpehu ri xqlwv ri wkh whfkqrorjlhv lq
wkh pdunhw,1 Zh dvvxph dovr wkdw lqlwldoo|/ dw | 'f /w k h u hd u h?￿
￿ E?￿
￿ 
xqlwv ri wkh whfkqrorj| E lq wkh 0 w ku h j l r qd q g?￿
￿ c? ￿
￿  1 Ilqdoo| ?
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Vlploduo| wr wkh vhwxs deryh zh fdq vd|/ zlwk qr orvv ri jhqhudolw|/ wkdw
dw wlph lqvwdqwv | ' c21 d xqlw ri whfkqrorj| +hlwkhu  ru , zloo eh
dgrswhg zlwk suredelolw| s￿E|c O fE|cO E| lq wkh 0wk uhjlrq1 Dovr lw zloo eh
 zlwk suredelolw| s￿
￿ E|c O fE|cO E| dqg  zlwk suredelolw| s￿
￿ E|c O fE|cO E|1
Khuh O sEcc lv d yhfwru ixqfwlrq zklfk pdsv   -EO fcO   -E76 lq 76
dqg O sEcc'O s￿EccnO s￿Ecc E| -EO fcO  zh ghvljqdwh wkh Fduwhvldq
surgxfw ri 6 frslhv ri -Efcc7 6 lv ghqhg e| wkh iroorzlqj uhodwlrq
76 ' iO % 5 -
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Khuh -Efc dqg -E76 vwdqg iru wkh vhwv ri udwlrqdo qxpehuv iurp dfco
dqg/ fruuhvsrqglqjo|/ yhfwruv zlwk udwlrqdo frruglqdwhv iurp 761E |O fE|
zh ghvljqdwh wkh 60glphqvlrqdo yhfwru zkrvh 0wk frruglqdwh f￿E| uhsuhvhqwv
wkh vkduh ri whfkqrorj|  lq wkh 0 w ku h j l r qd ww l p h|1D o v r O E| vwdqgv iru
wkh 60glphqvlrqdo yhfwru zkrvh 0wk frruglqdwh ￿E| lv wkh iuhtxhqf| ri wrwdo
dgrswlrqv wr wkh 0wk xuq e| wkh wlph |1 Wkh g|qdplfv ri O fE dqg O E fdq
eh ghvfulehg dv d jhqhudol}hg vfkhph ri pxowlsoh xuqv zlwk edoov ri wzr froruv/
lq dqdorj| zlwk wr wkh rqh0glphqvlrqdo fdvh<1
Frqvlghu wkh surfhvv ri dgrswlrqv ri whfkqrorj|  dw wlph | lq pdunhw /
zklfk lv reylrxvo| d vwrfkdvwlf yduldeoh1 Zh fdq ghqh wkh iroorzlqj frqgl0
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 zlwk suredelolw| }￿E|cO %cO 
f zlwk suredelolw|   }￿E|cO %cO  +:,
zkhuh }￿E|cO %cO 's￿
￿ EO %cO ds￿EO %cO o3￿431
Khuhdiwhu zh dvvxph wkdw wkh ixqfwlrqv }￿E|cc'}￿Ecc wkdw lv wkh
frqglwlrqdo suredelolw| ri dgrswlrq/ lv lqghshqghqw ri | Ohw xv ljqruh wkh wlph
lqvwdqwv | zkhq f￿E grhv qrw xqghujr dq| fkdqjhv1 Wkhq zh rewdlq d qhz
surfhvv t￿E zklfk kdv wkh vdph frqyhujhqfh surshuwlhv dv f￿E surylglqj
wkdw whfkqrorjlhv duh dgrswhg lq wkh 0wk uhjlrq lqqlwho| pdq| wlphv zlwk
suredelolw| rqh1 Zh zloo lpsolflwo| dvvxph wkh odwwhu frqglwlrq wkurxjkrxw
wklv vhfwlrq441 Iru sduwlfxodu fdvhv t￿E wxuqv rxw wr eh d frqyhqwlrqdo xuq
surfhvv/ ru dq|krz fdq eh vwxglhg e| phdqv ri vrph dvvrfldwhg xqlyduldwh
jhqhudol}hg xuq surfhvv1
Wr lpsohphqw wklv lghd/ lqwurgxfh ￿E&  wkh prphqw ri wkh &0wk dgglwlrq
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Ghvljqdwh f￿E￿E& e| t￿E& dqg 1
￿￿E&￿
￿ E O fE￿E&cO E￿E& e| l
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￿Et￿E&1











Qrwh wkh t￿E lqghhg fduulhv doo lqirupdwlrq derxw fkdqjhv ri f￿E1E |
ghqlwlrq t￿E&'f￿E￿E&/ exw ehwzhhq ￿E& dqg ￿E&n wkh surfhvv f￿E
suhvhuyhv lwv ydoxh1 Frqvhtxhqwo|/ vkrxog zh nqrz wkdw t￿E& frqyhujhv zlwk
suredelolw| rqh +ru frqyhujhv zlwk srvlwlyh suredelolw| wr d fhuwdlq ydoxh/ ru
frqyhujhv wr d fhuwdlq ydoxh zlwk }hur suredelolw|/ l1h1 grhv qrw frqyhujh, dv
43Wkurxjkrxw wklv vhfwlrq zh dvvxph wkdw il+w>￿ {>￿ ￿, A 3 iru doo srvvleoh ￿ { dqg ￿ ￿1
44Wklv dvvxpswlrq/ zklfk lq wkh vslulw ri wkh srsxodwlrq prghov grhv qrw dsshdu wr eh
wrr vwurqj/ lv qhhghg lq rughu wr rewdlq dv|pswrwlf uhvxowv1Khwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 47
& $4 / wkh vdph zrxog eh wuxh iru f￿E| dv | $4 1 +Zh zloo v|vwhpdwlfdoo|
xvh wklv revhuydwlrq ehorz zlwkrxw ixuwkhu h{solflw phqwlrq,1
Wkh qh{w wkhruhp surylghv vx!flhqw frqglwlrqv iru frqyhujhqfh ri t￿E
+dqg frqvhtxhqwo| f￿E,w rf dqg  zlwk srvlwlyh +}hur, suredelolw|1
Wkhruhp 6 Ohw }￿EG-Efc $ dfco eh d ixqfwlrq vxfk wkdw iru doo srvvleoh
O % 5 -EO fcO  dqg O  5 -E76
}￿EO %cO   }￿E%￿ +43,
Ghvljqdwh e| ~￿E d frqyhqwlrqdo xuq surfhvv zlwk }￿E dv wkh xuq0ixqfwlrq
dqg ?￿
￿ c? ￿
￿ dv wkh lqlwldo qxpehuv ri edoov1 Wkhq Sit￿E& $ fj : fE Sit￿E& $
j 'f li Si~￿E& $ fj : fE Si~￿E& $ j 'f  1 Dovr/ zkhq
}￿EO %cO   }￿E%￿c +44,
wkh vwdwhphqw uhdgv= li Si~￿E& $ j : fE Si~￿E& $ fj 'f  / wkhq
Sit￿E& $ j : fE Sit￿E& $ fj 'f  1
Wkh wkhruhp lv suryhg lq wkh dsshqgl{1
Wkh qh{w vwdwhphqw jlyhv voljkwo| pruh vrsklvwlfdwhg frqglwlrqv ri frq0
yhujhqfh dqg qrqfrqyhujhqfh wr f dqg  ri wkh surfhvv +<, dqg/ frqvhtxhqwo|/
f￿E1
Wkhruhp 7 Vhw L￿EO %'t  T O ￿ i}￿EO %cO jcu ￿EO %' ? u O ￿ i}￿EO %cO j Li wkhuh
lv ":f vxfk wkdw u￿EO %  %￿ +L￿EO %  %￿ iru %￿ 5 Efc"E %￿ 5 E"cc wkhq
Sif￿E| $ fj 'f+Sif￿E| $ j 'f , iru dq| lqlwldo frpelqdwlrq ri edoov
lq wkh xuq1 Ohw }￿EO %cO  	 E }￿EO %cO  : f iru doo O % 5 -EO fcO  dqg O  5 -E761
Dovr ohw ":fcS	 dqg d ixqfwlrq s￿E eh vxfk wkdw L￿EO %  s￿E%￿  S%￿
Eu￿EO %  s￿E%￿    SE  %￿ iru %￿ 5 Efc"E %￿ 5 E  "c1 Wkhq
Sif￿E| $ fj : fE Sif￿E| $ j : f iru dq| lqlwldo qxpehuv ri edoov lq
wkh 0wk xuq1
Wkh wkhruhp lv suryhg lq wkh dsshqgl{1
Wkhruhp 7 jlyhv vx!flhqw frqglwlrqv ri frqyhujhqfh zlwk srvlwlyh sure0
delolw| wr f dqg 1 Wkh dvvxpswlrqv ri wkhruhp/ krzhyhu/ duh frpsdwleoh
zlwk wkh fdvh ri lqghshqghqw xuqv +lqghshqghqw pdunhwv, dv d sduwlfxodu
fdvh1 Pruh jhqhudoo| wkh| uhsuhvhqw frqglwlrqv ri zhdn ihhgedfnv dfurvv
pdunhwv +dfurvv uhjlrqv, dv frpsduhg wr wkh h{whqw ri lqwudpdunhw +lqwuduh0
jlrq, vslooryhuv= Orfdo ihhgedfnv lq wkdw fdvh duh vr lpsruwdqw wkdw d vlqjohKhwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 48
pdunhw pd| frqyhujh wr rqh whfkqrorj|/ vd| / hyhq wkrxjk doo wkh uhodwhg
pdunhwv frqyhujh wr wkh rwkhu rqh1 Lq d vhqvh/ iru wkh ixqfwlrq }￿EO %cO /w k h
prvw lpsruwdqw dujxphqw lv %￿1
Frqyhuvho| ohw xv qrz frqvlghu wkh fdvh ri vwurqj srvlwlyh furvv0uhjlrqdo
ihhgedfnv1 Vwurqj srvlwlyh ihhgedfnv fdq eh fkdudfwhul}hg lq whupv ri wkh xuq
ixqfwlrq dv iroorzv= Zh fdq vd| wkdw vslooryhuv duh vwurqj li <O BcO cO B:O fcO 	/
vxfk wkdw O B	} EO %cO  	O  zkhq %￿ 'fdqg %& 'iru vrph & 9' 1L qr w k h u
zrugv vwurqj srvlwlyh vsdwldo ihhgedfnv duh vxfk wkdw dgrswlrqv ri rqh w|sh
lq rwkhu uhjlrqv fdq eh d sduwldo vxevwlwxwh iru dgrswlrqv ri wkdw w|sh lq wkh
vdph uhjlrq= hyhq li d uhjlrq kdv dozd|v fkrvhq whfkqrorj| E lq wkh sdvw/
whfkqrorj| E fdq vwloo eh fkrvhq lq wkh ixwxuh/ li lw kdv ehhq iuhtxhqwo|
fkrvhq lq dw ohdvw dqrwkhu uhjlrq1
Ohw xv ghqh d vhw   dfco6 dv uhdfkdeoh li wkhuh h{lvwv | vxfk wkdw
SiO fE| 5 

  O fEf jlyhqj : f Zh fdq ghulyh wkh iroorzlqj uhvxow=
Wkhruhp 8 Li }EO fc'O f dqg ; ' cc6 <#￿ : f dqg S￿ 5 dfc/v x f k




￿’￿dfc#￿o lv uhdfkdeoh/ wkhq
Sif￿E| $ fj : f1L i }EO c'O  dqg ; ' cc6 <#￿ : f dqg S￿ 5
Efc/ vxfk wkdw  :} ￿EO %c    S￿E  %￿/ ;O % 5
T6
￿’￿d  #￿co dqg T6
￿’￿d  #￿co lv uhdfkdeoh/ wkhq Sif￿E| $ j : f1D o v rl i}￿EO %c  k:f
lq d qhljkerukrrg ri hyhu| O + vxfk wkdw +￿ 'f c+ & 'iru vrph & 9' / wkhq
Sif&E| $ cf ￿E| $ fj 'fdqg li }￿EO %c  q	 lq d qhljkerukrrg ri
hyhu| O + vxfk wkdw +￿ ' c+ & 'firu vrph & 9' /w k h qSif￿E| $ cf &E| $
fj 'f1
Wkh wkhruhp lv suryhg lq wkh dsshqgl{1
Li O f 	} EO %cO  	 O  zkhq O % 5 d-Efco6 wkhq dq| qhljkerukrrg ri O % ' O f
dqg O % ' O  duh uhdfkdeoh dqg wkhuhiruh frpsohwh zruogzlgh prqrsro| ri
whfkqrorj|  ru  pd| hphujh zlwk srvlwlyh suredelolw|1 Pruhryhu wkhruhp
8 whoov xv wkdw/ li ihhgedfnv duh vwurqj/ dv|pswrwlfdoo| hlwkhu rqh whfkqrorj|
hphujhv hyhu|zkhuh/ ru wkh rwkhu grhv/ ru pdunhw vkdulqj lv wkh rqo| rwkhu
srvvleoh rxwfrph1
Vxemhfw wr wkhvh frqglwlrqv ri zhdn ru vwurqj vslooryhuv zh fdq surylgh d
j h q h u d o l } d w l r qr iw k h r u h p4w rv w x g |w k hu d w hr if r q y h u j h q f hw rw h f k q r o r j l f d o
prqrsrolhv1
Wkhruhp 9 Ohw "c#￿ : f dqg ScS￿ 	  eh vxfk wkdw hlwkhu wkh dvvxpswlrqv ri
wkhruhp 7 ru wkrvh ri wkhruhp 8 krog1 +Lq wkh vhfrqg fdvh/ ghqrwh 4@ ￿iS￿jKhwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 49
zlwk S Wkhq iru dq| B 5 Efc  S dqg :f
*4?<" Si?￿3S3Bt￿E? 	mt￿E| $ fj ' 
*4?<" Si?￿3S3Bd  t￿E?o 	mt￿E| $ j '

c
zkhuh t￿E vwdqgv iru wkh udqgrp surfhvv jlyhq e| Eb1
Wkh wkhruhp lv suryhg lq wkh dsshqgl{1
Djdlq/ dv lq vhfwlrq 5/ dq lpsruwdqw revhuydwlrq/ zklfk wkhruhpv 9 sur0
ylghv/ lv wkdw frqyhujhqfh wr f dqg  fdq eh pxfk idvwhu +doprvw ri rughu *|
dv | $4 , wkdq wr dq lqwhulru olplw +zklfk fdq eh doprvw ri rughu *
s
| rqo|,1
Dq lqwxlwlyh h{sodqdwlrq/ wkdw krogv uljrurxvo| rqo| zkhq }￿EO %cO '}￿E%￿/
lv wkdw wkh yduldqfh ri l
&
￿E%/ zklfk fkdudfwhul}hv wkh ohyho ri udqgrp glvwxu0
edqfhv lq wkh surfhvv +<,/ lv }￿E%d  }￿E%o1 Wklv ydoxh ydqlvkhv dw f dqg 
exw lw grhv qrw ydqlvk dw w/ ehlqj htxdo wr wE  w1
7F r q f o x v l r q v
Wklv sdshu kdv ehhq prwlydwhg e| wzr *vw|ol}hg idfwv* frqfhuqlqj wkh g|qdp0
lfv ri glxvlrq ri glhuhqw whfkqrorjlhv frpshwlqj iru wkh vdph pdunhw qlfkh
dqg d vw|ol}hg idfw frqfhuqlqj wkh lqwhuqdwlrqdo orfdwlrq ri surgxfwlrq1
d, D vwdeoh sdwwhuq ri pdunhw vkdulqj zlwk qr ryhuzkhoplqj grplqdqw
srvlwlrq lv uduho| revhuyhg lq pdunhwv zlwk qhwzrun hvwhuqdolwlhv1 Xqerxqghg
lqfuhdvlqj uhwxuqv wr dgrswlrq duh riwhq fdoohg iru dq h{sodqdwlrq ri wklv idfw1
Krzhyhu wkh dujxphqw lv jhqhudoo| edvhg rq dq lqfruuhfw lqwhusuhwdwlrq ri wkh
srsxodu Euldq Duwkxu +4<;<, prgho1 Zh uhfdoohg d vlpsoh frxqwhuh{dpsoh/
gudzq iurp Edvvdqlql dqg Grvl +4<<;,/ wr vkrz wkdw xqerxqghg lqfuhdvlqj
uhwxuqv duh qhlwkhu qhfhvvdu| qru vx!flhqw wr ohdg wr whfkqrorjlfdo prqrsrolhv
hyhq lq d vwdeoh h{whuqdo hqylurqphqw1
e, Lqwhuqdwlrqdo glxvlrq pd| ohdg vrphwlphv wr glhuhqw vwdqgdugv lq
glhuhqw frxqwulhv ru wr wkh glxvlrq ri wkh vdph vwdqgdug lq hyhu| frxqwu|/
hyhq zlwkrxw lqwhuyhqwlrq ri dq| uhjxodwru| djhqf|1 Lqwxlwlyho| zkhq frq0
yhujhqfh wr wkh vdph vwdqgdug lv qrw dq dfflghqw ri klvwru|/ lw lv dq rxwfrph
ri wkh uhodwlyh zhljkw ri lqwhuqdwlrqdo vslooryhuv dv frpsduhg wr qdwlrqzlgh
hvwhuqdolwlhv1
Wkh fuxfldo txhvwlrq zh wulhg wr dgguhvv lq wklv sdshu lv= fdq d prgho
wkdw dffrxqw iru wkh iruphu idfw dffrprgdwh dovr wkh odwwhuB E| hvwdeolvk0
lqj vrph pdwkhpdwlfdo surshuwlhv ri jhqhudol}hg xuq vfkhphv/ zh exlog rq dKhwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 4:
fodvv ri frpshwlqj whfkqrorj| g|qdplfv prghov wr ghyhors dq h{sodqdwlrq iru
wkh iruphu idfw dqg wr surylgh vx!flhqw frqglwlrqv iru frqyhujhqfh wr wkh
vdph ru wr glhuhqw whfkqrorjlfdo prqrsrolhv lq glhuhqw frxqwulhv1 Rxu h{0
sodqdwlrq iru wkh hpslulfdo whqghqf| wr frqyhujh wr whfkqrorjlfdo prqrsro|
uholhv rq frqyhujhqfh udwh glhuhqwldov wr olplw pdunhw vkduhv1 Lq d uhodwhg
sdshu ^Edvvdqlql dqg Grvl +4<<;,` zh vkrz wkdw d pdunhw fdq dssurdfk d
prqrsro| zlwk d kljkhu vshhg wkdq lw dssurdfkhv dq| ihdvleoh olplw pdu0
nhw vkduh zkhuh erwk whfkqrorjlhv frh{lvw= Frqyhujhqfh wr pdunhw vkdulqj
lv lq jhqhudo vr vorz wkdw wkh hqylurqphqw fkdqjhv ehiruh wkh pdunhw vkduh
wudmhfwru| ehfrphv vwdeoh lq d qhljkerukrrg ri lwv olplw1 Lq wklv sdshu zh
kdyh vkrzq wkdw wklv uhvxow krog dovr lq d pxowl0pdunhw prgho zkhuh frqyhu0
jhqfh wr glhuhqw orfdo prqrsrolhv fdq rffxu/ hyhq wkrxjk/ dw d kljk ohyho
ri djjuhjdwlrq/ wklv v|vwhp pd| vhhp wr frqyhujh wr pdunhw0vkdulqj1 Wkh
hpslulfdo lpsolfdwlrq lv djdlq wkdw dprqj pdunhwv zlwk kljk udwh ri whfk0
qrorjlfdo fkdqjh dqg lqfuhdvlqj uhwxuqv wr dgrswlrq/ d suhydohqfh ri vwdeoh
prqrsrolhv ryhu vwdeoh pdunhw vkdulqj vkrxog eh h{shfwhg1
8 Dsshqgl{
S u r r ir iw k h r u h p6 1Wkh wkhruhp lv d vwudljkwiruzdug frqvhtxhqfh ri wkh
iroorzlqj ohppd zklfk jhqhudol}hv ohppd 515 iurp Kloo hw do1 +4<;3,=
Ohppd 4 Dvvxph wkdw zh kdyh d vfkhph ri pxowlsoh xuqv/ jlyhq e| d vhw ri
wkh ixqfwlrqv s￿
￿ Ec dqg s￿
￿ Ec/  ' c2cc61O h wi r uv r p h di x q f w l r q
}￿E eh vxfk wkdw Ef ru E krogv wuxh1 Wkhq wkhuh lv d suredelolw| vsdfh/
zkhuh wkh surfhvv Eb dqg d frqyhqwlrqdo xuq surfhvv ~￿E fdq eh uhdol}hg dqg
t￿E&  ~￿E& ru t￿E&  ~￿E& zlwk suredelolw| 4 iru &   ghshqglqj xsrq
zkhwkhu Ef ru E krogv1 Wkh surfhvv ~￿E kdv }￿E dv xuq0ixqfwlrqv dqg
?￿
￿ c? ￿
￿ dv lqlwldo qxpehuv ri edoov1
Surri1 Il{ d suredelolw| vsdfh zlwk o|c|  / d vhtxhqfh ri lqghshqghqw
udqgrp yduldeohv kdylqj wkh xqlirup glvwulexwlrq rq dfco1I r u j l y h q O % 5
-EO fcO  dqg O  5 -E76 lqwurgxfh d sduwlwlrq ri dfco e| wkh srlqwv
|f 'f c| ￿ ' s
￿
￿ EO %cO c| 2 ' s￿EO %cO c
|￿ ' s￿EO %cO ns
￿
2 EO %cO c| e ' s￿EO %cO ns2EO %cO c  cKhwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 4;
|263￿ ' s￿EO %cO ns2EO %cO nn s63￿EO %cO ns
￿























Khqfh t￿E dqg ~￿E duh jlyhq rq wkh vdph suredelolw| vsdfh1 Li zh ghqrwh
zlwk  8￿
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zklfk/ iurp +45,/ lpsolhv wkdw l
|
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￿E%￿ zlwk sured0
elolw| 4 ghshqglqj zkhwkhu +43, ru +44, krogv1 Qrz wr dffrpsolvk wkh surri
lw lv hqrxjk wr fkhfn wkdw
t￿E| n '











Wkh ohppd lv suryhg1 
Surri ri wkhruhp 71 Zh qhhg wkh iroorzlqj ohppd=Khwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 4<
Ohppd 5 Ohw fE eh d frqyhqwlrqdo xuq surfhvv zlwk sE dv xuq0ixqfwlrq1
Li wkhuh lv ":f vxfk wkdw
sE%  % iru % 5 Efc"E sE%  % iru % 5 E  "cc
wkhq SifE| $ fj 'fE SifE| $ j 'f  iru dq| lqlwldo qxpehuv ri edoov1
Dovr/ li sE% 	 E sE% : f iru % 5 Efc dqg wkhuh lv ":f vxfk wkdw
sE% 	%iru % 5 Efc"E sE% :%iru % 5 E  "cc
wkhq SifE| $ fj : fE SifE| $ j : f iru dq| lqlwldo qxpehuv ri edoov1
Surri1 Vhw wkdw doo frqyhqwlrqdo xuq surfhvvhv dsshdulqj khuh vwduw iurp
wkh vdph qxpehuv ri edoov lq wkh xuq1 Ohw sE% :%iru % 5 Efc"1V h w
}E%'4 @  E sE%c%1G h  q h t EE~E d frqyhqwlrqdo xuq surfhvv fru0
uhvsrqglqj wr wkh xuq0ixqfwlrq % E}E%1V l q f h %  }E%/ wkhq gxh wr
ohppd 515 iurp Kloo hw do1 EbHf rqh kdv t E|  ~E|/ |  1F r q 0
vhtxhqwo| Si~E| $ fjS i t E| $ fj1E x w t E lv d Sro|d surfhvv/
l1h1 lw frqyhujhv d1v1 wr d udqgrp yduldeoh zlwk d ehwd glvwulexwlrq1 Wkh
olplw/ kdylqj d ghqvlw| zlwk uhvshfw wr wkh Ohehvjxh phdvxuh/ wdnhv hyhu|
sduwlfxodu ydoxh iurp dfco zlwk suredelolw| f1K h q f h Sit E| $ fj 'f
dqg/ frqvhtxhqwo|/ Si~E| $ fj 'f 1 Exw wkh xuq0ixqfwlrqv sE dqg }E
djuhh lq Efc"/ zklfk gxh wr ohppd 714 iurp Kloo hw do1 EbHf lpsolhv wkdw
SifE| $ fj 'f 1O h wsE% 	%iru % 5 Efc" dqg sE% 	  iru doo % 5 Efc1
Vhw }E%'4 @  E sE%c%*21W k h qsE%  }E% dqg gxh wr dujxphqwv vlplodu
wr wkrvh jlyhq deryh SifE| $ fjS i ~E| $ fj/z k h u h~E vwdqgv iru
d frqyhqwlrqdo xuq surfhvv fruuhvsrqglqj wr }E1 Ilqdoo| ohw xv suryh wkdw
Si~E| $ fj : f1S x w_E%'4  ? E }E%c}E"*21 Wkh htxdwlrq _E%% 'f
kdv wkh rqo| urrw f1 Khqfh wkhuh lv d frqyhqwlrqdo xuq surfhvv fruuhvsrqg0
lqj wr _E zklfk frqyhujhv wr f zlwk suredelolw| 1V l q f h}E% 5 Efc dqg
_E% 5 Efc iru doo % 5 Efc/w k l vl p s o l h vw k d wSi~E| $ fj : f iru dq|
lqlwldo qxpehuv ri edoov/ ehfdxvh ri ohppd 714 ri Kloo hw do1 EbHf1
Rwkhu fdvhv fdq eh kdqgohg e| vlplodu dujxphqwv1 
Gxh wr wkh diruhphqwlrqhg uhodwlrqvkls ehwzhhq frqyhujhqfh ri f￿E dqg
t￿E/ lw lv hqrxjk wr hvwdeolvk wkh fruuhvsrqglqj idfwv iru t￿E1
Wkh uvw vwdwhphqw iroorzv e| frqvlghulqj d frqyhqwlrqdo xuq surfhvv zlwk
_￿E+'  ? u
O %G %￿’+
iu￿EO %j E_￿E+' t  T
O %G %￿’+
iL￿EO %j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dv wkh xuq0ixqfwlrq dqg dsso|lqj ohppd 5 dqg wkhruhp 61
Vlqfh frqyhujhqfh wr  zlwk srvlwlyh suredelolw| fdq eh vwxglhg e| wkh
vdph phdqv/ ohw xv suryh frqyhujhqfh zlwk srvlwlyh suredelolw| wr f rqo|1
Ohw ~￿E eh d frqyhqwlrqdo xuq surfhvv kdylqj
_￿E%'

sE% s % 	 "*2
sE"*2 s %  "*2
dv xuq0ixqfwlrq dqg vwduwlqj iurp wkh vdph qxpehuv ri edoov1 Wkhq




￿ n|3￿c| 1 Vlqfh zh dvvxph wkdw }￿EO %cO  	 
iru doo srvvleoh O % dqg O / wkh surfhvv t￿E fdq pryh zlwk d srvlwlyh suredelolw|
wr wkh ohiw iurp dq| srlqw1 Khqfh
Sit￿E|',￿E|j : f iru |   +47,
Iru dq| | vxfk wkdw ,￿E| 	" * 2 lqwurgxfh >￿E| dv wkh uvw lqvwdqw diwhu |
vxfk wkdw ~￿E h{lwv iurp Efc"*2 surylglqj wkdw ~￿E|',￿E|1 Gxh wr +46,=
Si>￿E|'4j $  dv | $4  +48,
Exw gxh wr ohppd 4 t￿E?  ~￿E? iru |  ?	> ￿E| surylglqj wkdw
t￿E|'~￿E|',￿E|1 Wkxv/ wdnlqj lqwr dffrxqw +46, dqg +48,/ zh jhw=
Sit￿E? $ fmt￿E|',￿E|jSi t￿E? $ fc> ￿E|'4mt￿E|',￿E|j
Si~￿E? $ fc> ￿E|'4m~￿E|',￿E|j$ dv | $4 
Wkhuhiruh wr dffrpsolvk wkh surri lw lv hqrxjk wr uhihu wr +47,1
Surri ri wkhruhp 81 Zh qhhg wkh iroorzlqj ohppd=
Ohppd 6 Frqvlghu wzr pxowlsoh xuq surfhvvhv O fE dqg O t E zklfk djuhh
lq d qhljkerukrrg  ri d srlqw w 5 E-dfco6 Wkhq wkhuh h{lvwv dq xuq sur0
fhvv O ~E zlwk wkh vdph xuq ixqfwlrq dv O t E vxfk wkdw SiO ~E| $ wj : f
li SiO fE| $ wj : f Dovr frqvlghu d qhljkerukrrg f E￿ ri fE   (li lw
lv uhdfkdeoh e| f￿Ec jlyhq wkh lqlwldo qxpehu ri edoov/ dqg li wkh xuq ixqf0
wlrqv qhyhu wdnh wkh ydoxhv fE  lq wkdw qhljkerukrrg Ef E h{foxghgc wkhq
SiO ~E| $O fj : f iurp hyhu| lqlwldo qxpehu ri edoov rqo| li SiO fE| $O fj : f
ESiO ~E| $O j : f rqo| li SiO fE| $O j : fKhwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 54
Surri1 AIurp doprvw vxuh frqyhujhqfh zh kdyh wkdw <|:f dqg wzr yhfwruv




























|￿nC￿ Vlqfh rq  O fE dqg O t E djuhh/ iurp +49, zh kdyh
S
q
O ~E| $ wc O ~E| 5 c| : f
r
: fc
iurp zklfk wkh uvw vwdwhphqw ri wkh ohppd iroorzv1







E|￿ n C￿'7 | n C vxfk wkdw
S
q
O fE7 |'O +
r
: f +4:,
Wdnh ?￿c| ￿nC￿ dv lqlwldo frqglwlrqv ri wkh surfhvv O ~E Djdlq iurp doprvw
vxuh frqyhujhqfh zh kdyh wkdw SiO ~E| $ O fj : f iurp hyhu| lqlwldo qxpehu
ri edoov lpsolhv wkdw/ <O 5 5 f dqg <A:f vxfk wkdw
S
q
O ~Er $O fc O ~Er 5 fcr Ac O ~EA'O 5 5 f
r
: f
Jlyhq wkdw wkh xuq ixqfwlrqv qhyhu uhdfk 3 ru 4 lq fcO 5 fdq eh uhdfkhg
iurp O + zlwkrxw ohdylqj f +wkurxjk dq dssursuldwh vhtxhqfh ri f uvw dqg 
diwhuzdugv,/ zh kdyh dovr
S
q






O ~Er $O fc O ~Er 5 f


O ~Ef ' O + 5 f
r
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Jlyhq wkdw rq f O fE dqg O t E djuhh/ zh fdq fkrrvh wkh surfhvv O ~E|
ghqhg rq wkh frpprq suredelolw| vsdfh lq vxfk d zd| wkdw O fErn7 |'O ~Er
iru dq| r	 | '4  ?
q
| G O ~E| * 5 f
r
 Iurp +4;, zh kdyh
S
q
O fEr $ O fc O fEr 5 f


O fE7 |'O + 5 f
r
: fc
zklfk/ wdnlqj lqwr dffrxqw +4:,/ lpsolhv wkdw <|:f vxfk wkdw
S
q
O fEr $ O fc O fEr 5 fcr |
r
: f
Frqyhujhqfh wr O  fdq eh vwxglhg zlwk vlplodu dujxphqwv1









wkh dsso| ohppd 6 dqg ohppd 41 Wkh vhfrqg vwdwhphqw fdq eh suryhg zlwk




}EO %c s nO %  O +n 	"
kJ |  e o   r e
c
wkhq dsso| ohppd 6 dqg ohppd 41 Wkh odvw vwdwhphqw fdq eh suryhg zlwk
vlplodu dujxphqwv1
S u r r ir iw k h r u h p9 1 Frqvlghu rqo| wkh uvw fdvh  frqyhujhqfh wr f1
Z l w k r x wo r v vr ij h q h u d o l w |z hf d qd v v x p hw k d wSit￿E| $ fj : f1
Ohw ~￿E eh d frqyhqwlrqdo xuq surfhvv zlwk S% dv wkh xuq0ixqfwlrq dqg
w k hv d p hl q l w l d oq x p e h u vr ie d o o v 1W k h q
.~￿E| n  d 
  S
| n C￿










zkhuh J|E $ f dv | $4 1 Khqfh iurp Pdunry*v lqhtxdolw|
Si|
￿3S3B~￿E| 	j$@ t| $4 +4<,
iru hyhu| B 5 Efc  S dqg :f1
Iru duelwudu| j 5 Efc" dqg :f wkhuh lv  ghshqglqj rq wkhvh yduldeohv
vxfk wkdw
Siit￿E| $ fj{it￿E?  jc ?  jj 	 
zkhuh { 'E q ^ Eq Dovr vlqfh ~￿E| $ f zlwk suredelolw|  dv
| $4 /z hf d qf k r r v hw k l v vr odujh wkdw
Siit￿E| $ fj{it￿E?  jc ~￿E?  jc ?  jj 	  +53,
Wr suryh wkh wkhruhp lw lv hqrxjk wr vkrz wkdw
*4
?<"Si?
￿3S3Bt￿E? 	ct ￿E| $ fj ' Sit￿E| $ fjc
ru/ wdnlqj lqwr dffrxqw wkdw  lq Eb fdq eh duelwudu| vpdoo/ wkdw
*4
?<"Si?
￿3S3Bt￿E? 	ct ￿E?  jc ~￿E?  jc ?  j '
Sit￿E?  jc ~￿E?  jc ?  j
Gxh wr ohppd 4 ~￿E pdmrul}hv t￿E rq wkh hyhqw ~￿E|  jc |  /s u r y l g 0
lqj wkdw wkhvh surfhvvhv vwduw iurp wkh vdph srlqw1 Khqfh/




￿3S3Bt￿E? 	ct ￿E|  jc ~￿E|  jc |  j
*4?u
?<" Si?
￿3S3Bt￿E? 	ct ￿E|  jc ~￿E|  jc |  j '
*4?u
?<" .Si?
￿3S3Bt￿E? 	ct ￿E|  jc ~￿E|  jc |  mt￿Ej
*4?u
?<" .Sii?
￿3S3B~￿E? 	 c t ￿E|  jc ~￿E|  jc |  m
~￿E't￿Ejmt￿Ej '
.Sit￿E|  jc ~￿E|  jc |  mt￿Ej '
Sit￿E|  jc ~￿E|  jc |  jc
l1h1 E2f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9 Uhihuhqfhv
Dq/ P1/ dqg Q1Nlhihu/ Orfdo H{whuqdolwlhv dqg Vrflhwdo Dgrswlrq ri Whfk0
qrorjlhv/ M1 ri Hyroxwlrqdu| Hfrq1/ 8/ 43644:/ 4<<81
Duwkxu/ Z1E1/ Rq Frpshwlqj Whfkqrorjlhv dqg Klvwrulfdo Vpdoo Hyhqwv=
Wkh G|qdplfv ri Fkrlfh xqghu Lqfuhdvlqj Uhwxuqv/ LLDVD Zrunlqj Sdshu
ZS0;60<3 ^Uhsulqwhg lq Z1E1 Duwkxu +4<<7, Lqfuhdvlqj Uhwxuqv dqg Sdwk0
Ghshqghqfh lq wkh Hfrqrp|/ Dqq Dueru= Xqlyhuvlw| ri Plfkljdq Suhvv`/
4<;61
Duwkxu/ Z1E1/ Frpshwlqj Whfkqrorjlhv/ Lqfuhdvlqj Uhwxuqv dqg Orfn0Lq
e| Klvwrulfdo Hyhqwv/ Hfrq1 M1/ <</ 449464/ 4<;<1
Duwkxu/ Z1E1/ V|olfrq Ydooh| Orfdwlrqdo Foxvwhuv= Zkhq Gr Lqfuhdvlqj
Uhwxuqv Lpso| Prqrsro|B/ P d w k 1V r f 1V f l 1 / 4</ 56884/ 4<<31
Duwkxu/ Z1E1/ \1Huprolhy dqg \1Ndqlryvnl/ Jhqhudol}hg Xuq Sureohp
dqg Lwv Dssolfdwlrqv/ F|ehuqhwlfv/ 4</ 940:4/ 4<;61
Edvvdqlql/ D1S1 dqg J1Grvl/ Frpshwlqj Whfkqrorjlhv/ Whfkqrorjlfdo Pr0
qrsrolhv/ dqg wkh Udwh ri Frqyhujhqfh wr d Vwdeoh Pdunhw Vwuxfwxuh/ xqsxe0
olvkhg pdqxvfulsw/ 4<<;1
Eurfn/ Z1D1 dqg V1Q1Gxuodxi/ Glvfuhwh Fkrlfh zlwk Vrfldo Lqwhudfwlrqv
L= Wkhru|/ QEHU Zrunlqj Sdshu &85<4/ 4<<81
Eurfn/ Z1D1 dqg V1Q1Gxuodxi/ D Irupdo Prgho ri Wkhru| Fkrlfh lq Vfl0
hqfh/ Hfrqrplf Wkhru|/ iruwkfrplqj/ 4<<;1
Eu|qmroivvrq/ H1 dqg F1I1Nhphuhu/ Qhwzrun H{whuqdolwlhv lq Plfurfrp0
sxwhu Vriwzduh= Dq Hfrqrphwulf Dqdo|vlv ri wkh Vsuhdgvkhhw Pdunhw/ Pdq0
djhphqw Vflhqfh/ 75/ 495:07:/ 4<<91
Fdqwzhoo/ M1/ Whfkqrorjlfdo Lqqrydwlrq dqg Pxowlqdwlrqdo Frusrudwlrqv/
R{irug= Eodfnzhoo/ 4<;<1
Fkxufk/ M1 dqg Q1Jdqgdo/ Frpsohphqwdu| Qhwzrun H{whuqdolwlhv dqg
Whfkqrorjlfdo Dgrswlrq/ Lqw1 M1 ri Lqgxvwuldo Rujdql}dwlrq/ 44/ 56<093/ 4<<61
Frzdq/ U1/ Wruwrlvhv dqg Kduhv= Fkrlfh dprqj Whfkqrorjlhv ri Xqnqrzq
Phulw/ Hfrq1 M1/ 434/ ;34047/ 4<<41
Fxvxpdqr/ P1D1/ \1Plorqdglv dqg U1V1Urvhqeorrp/ Vwudwhjlf Pdqhxyhu0
lqj dqg Pdvv0Pdunhw G|qdplfv= Wkh Wulxpsk ri YKV ryhu Ehwd/ Exvlqhvv
Klvwru| Uhy1/ 99/ 840<7/ 4<<51
Gdylg/ S1/ Folr dqg wkh Hfrqrplfv ri TZHUW\/ DHD Sdshuv dqg Sur0
fhhglqjv/ :8/ 6650:/ 4<;81
Gdylg/ S1/ Khurhv/ Khugv dqg K|vwkhuhv lq Whfkqrorjlfdo Wkhru|= Wkrpdv
Hglvrq dqg wkh Edwwoh ri V|vwhpv Uhfrqvlghuhg/ Lqgxvwuldo dqg FrusrudwhKhwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 58
Fkdqjh/ 4/ 45<0;3/ 4<<51
Grvl/ J1/ Whfkqrorjlfdo Sdudgljpv dqg Whfkqrorjlfdo Wudmhfwrulhv/ Uh0
vhdufk Srolf|/ 44/ 47509:/ 4<;51
Grvl/ J1/ Vrxufhv/ Surfhgxuhv dqg Plfurhfrqrplf Hhfw ri Lqqrydwlrq/
M1 Hfrq1 Olw1/ 59/ 44530:4/ 4<;;1
Grvl/ J1/ Uhvhdufk rq Lqqrydwlrq Glxvlrq= Dq Dvvhvvphqw/ lq D1Juÿeohu
dqg Q1Qdnlfhqrylf +hgv1,/ Lqqrydwlrq Glxvlrq dqg Vrfldo Ehkdylru/ Ehuolq=
Vsulqjhu/ 4<<41
Grvl/ J1/ \1Huprolhy dqg \1Ndqlryvnl/ Jhqhudol}hg Xuq Vfkhphv dqg
Whfkqrorjlfdo G|qdplfv/ M1 Pdwk1 Hfrq1/ 56/ 404</ 4<<71
Grvl/ J1 dqg \1Ndqlryvnl/ Rq Edgo| Ehkdyhg G|qdplfv/ M1 ri Hyroxwlrq0
du| Hfrq1/ 7/ <60456/ 4<<71
Grvl/ J1/ N1Sdylww dqg O1Vrhwh/ Wkh Hfrqrplfv ri Whfkqrorjlfdo Fkdqjh
dqg Lqwhuqdwlrqdo Wudgh/ Qhz \run= Q\X Suhvv/ 4<<31
Gxuodxi/ V1Q1/ Vwdwlvwlfdo Phfkdqlfv Dssurdfkhv wr Vrflrhfrqrplf Eh0
kdylru/ lq V1Q1Gxuodxi/ Z1E1Duwkxu dqg G1Odqh +Hgv1,/ Wkh Hfrqrp| dv dq
Hyroylqj Frpsoh{ V|vwhp LL/ Qhz \run= Dgglvrq0Zhvoh|/ 4<<:1
Iduuhoo/ M1 dqg J1Vdorqhu/ Vwdqgdugl}dwlrq/ Frpsdwlelolw| dqg Lqqrydwlrq/
Udqg M1 ri Hfrq1/ 49/ :30;6/ 4<;81
Iduuhoo/ M1 dqg J1Vdorqhu/ Lqvwdoohg Edvh dqg Frpsdwlelolw|= Lqqrydwlrq/
Surgxfw Suhdqqrxqfhphqwv/ dqg Suhgdwlrq/ Dphu1 Hfrq1 Uhy1/ :9/ <73088/
4<;91
Iuhhpdq/ F1/ Wkh Hfrqrplfv ri Lqgxvwuldo Lqqrydwlrq/ Orqgrq= Slqwhu/
5qg hg1/ 4<<51
Iuhhpdq/ F1/ Wkh Hfrqrplfv ri Whfkqlfdo Fkdqjh= D Fulwlfdo Vxuyh|/
F d p e u l g j hM 1r iH f r q 1 / 4;/ 7960847/ 4<<71
Iuhhpdq/ F1/ Wkh Qdwlrqdo V|vwhpv ri Lqqrydwlrq lq Klvwrulfdo Shuvshf0
wlyh/ F d p e u l g j hM 1r iH f r q 1 / 4<<81
Kloo/ E1P1/ G1Odqh dqg Z1Vxgghuwk/ D Vwurqj Odz iru Vrph Jhqhudol}hg
Xuq Surfhvvhv/ Dqqdov ri Suredelolw|/ ;/ 547059/ 4<;31
Ndqlryvnl/ \1 dqg K1S1\rxqj/ Ohduqlqj G|qdplfv lq Jdphv zlwk Vwrfkdv0
wlf Shuwxuedwlrqv/ Jdphv dqg Hfrq1 Ehkdylru/ 44/ 663096/ 4<<81
Ndw}/ P1O1 dqg F1Vkdslur/ Qhwzrun H{whuqdolwlhv/ Frpshwlwlrq / dqg
Frpsdwlelolw|/ Dphu1 Hfrq1 Uhy1/ :8/ 75773/ 4<;81
Ndw}/ P1O1 dqg F1Vkdslur/ Whfkqrorj| Dgrswlrq lq wkh Suhvhqfh ri Qhw0
zrun H{whuqdolwlhv/ M1 Sro1 Hfrq1/ <7/ ;5574/ 4<;91
Ndw}/ P1O1 dqg F1Vkdslur/ Surgxfw Lqwurgxfwlrq zlwk Qhwzrun H{whuqdo0
lwlhv/ M1 ri Lqgxvwuldo Hfrq1/ 73/ 88;7/ 4<<51Khwhurjhqhrxv Djhqwv/ Frpsohphqwdulwlhv/ dqg Gliixvlrq 59
Ndw}/ P1O1 dqg F1Vkdslur/ V|vwhpv Frpshwlwlrq dqg Qhwzrun Hhfwv/ M1
ri Hfrq1 Shuvshfwlyhv/ ;/ <6448/ 4<<71
Nuxjpdq/ S1/ Klvwru| yv1 H{shfwdwlrqv/ Txduw1 M1 Hfrq1/ 439/ 98409:/
4<<4d1
Nuxjpdq/ S1/ Jhrjudsk| dqg Wudgh/ Fdpeulgjh/ PD= PLW suhvv/ 4<<4e1
Nuxjpdq/ S1/ dqg D1Yhqdeohv/ Joredol}dwlrq dqg wkh Lqhtxdolw| ri qd0
wlrqv/ Txduw1 M1 Hfrq1/ 443/ ;8:0;3/ 4<<81
Oxqgydoo/ E1D1 +hg1,/ Qdwlrqdo Lqqrydwlrq V|vwhpv/ Orqgrq= Slqwhu/ 4<<51
Q h o v r q /U 1+ h g 1 , /Qdwlrqdo V|vwhpv ri Lqqrydwlrq/ R{irug= RXS/ 4<<61
Ruhq/ V1 dqg V1Vplwk/ Fulwlfdo Pdvv dqg Wdul Vwuxfwxuh lq Hohfwurqlf
Frppxqlfdwlrqv Pdunhwv/ Ehoo M1 ri Hfrq1/ 45/ 79:;:/ 4<;41
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